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Lower bounds for moments of {'(p)

Micah B. Milinovich and Nathan Ng

ABSTRACT

Assuming the generalized Riemann hypothesis for Dirichlet L-functions, we establish lower
bounds for the 2kth moments of the derivative of the Riemann zeta-function averaged over
the non-trivial zeros of ((s) for every positive integer k. Our proof is based upon a method of
Rudnick and Soundararajan that provides analogous bounds for moments of L-functions at the
central point, averaged over families.

1. Introduction

Let {(s) denote the Riemann zeta-function. In this article we are interested in obtaining
lower bounds for moments of the form

Ji(T) = @O;Tlc’@)!% (1.1)

where k € N and the sum runs over the non-trivial (complex) zeros p = 3+ iy of ((s). As
usual, we let the function

T T T
N(T) = 1=—1log— — — + O(logT 1.2
(T)= 3 1= logs— 5 +0(ogT) (12)
0<y<T

denote the number of zeros of {(s) up to a height T counted with multiplicity.

Independently, Gonek [6] and Hejhal [8] have conjectured that Ji(T) < (log T)**+2) for
each k € R. By modeling the Riemann zeta-function and its derivative using characteristic
polynomials of random matrices, Hughes, Keating, and O’Connell [9] have refined this
conjecture to state that J(T) ~ Cy(log T)**+2) for a precise constant Cy when k € C and
Rk > —3/2. However, we no longer believe that Jy,(T) < (log T)***2) when Rk < —3/2. This
is since we expect that there exist infinitely many zeros p such that |¢'(p)|~! > |y|*/3~¢ for
each ¢ > 0.

Results that are consistent with these conjectures are only known to hold for a few small
values of k. See, for instance, the results of Gonek [4] for the case k = 1 and the second author
[11] for the case k = 2. Also, Gonek [6] obtained a lower bound in the case k = —1. Our main
result is to obtain a lower bound for Ji(T') for each positive integer k of the order of magnitude
that was conjectured by Gonek and Hejhal.

THEOREM 1.1. Let k € N and assume the generalized Riemann hypothesis (GRH) for
Dirichlet L-functions. Then, for sufficiently large T', we have

1 / 2k k(k+2)
—_— logT .
N(T) ojg I (p)| >k (logT)

2000 Mathematics Subject Classification 11M06, 11M26.

The first author was partially supported by the National Science Foundation FRG grant DMS 0244660. The
second author was supported by an NSERC research grant.



Page 2 of 19 MICAH B. MILINOVICH AND NATHAN NG

Under the assumption of the Riemann hypothesis, the first author [10] has recently shown
that Jy,(T) <. (log T)F*++2)+¢ for k € N and € > 0 arbitrary. When combined with Theorem
1.1, this result lends strong support for the conjecture of Gonek and Hejhal, mentioned above,
in the case where k is a positive integer.

Theorem 1.1 can be used to exhibit large values of (’(p). For example, assuming GRH,
it immediately follows that for each A > 0 the inequality |¢’ (p)‘ > (log |y|)# is satisfied for
infinitely many zeros p of {(s).

Our proof of Theorem 1.1 is based upon a method of Rudnick & Soundararajan [12, 13]. It
is likely that our proof can be adapted to prove a lower bound for Ji(T') of the conjectured
order of magnitude for all rational k£ > 1 in a manner analogous to that suggested in [12].

Let k € N and define, for § > 1, the function A¢(s) = >_, ., n™°. Assuming GRH, we will
estimate

= Y (DA T A and = 3 Ao (1.3)

0<~y<T 0<y<T

where the sums run over the non-trivial zeros p = % + iy of {(s). Holder’s inequality implies
that

2k
2% 2
Z <o) = ‘ 2|k—1’
0<y<T (22)
so Theorem 1.1 will follow from the estimates
21> T(log T)]€2+2 and 3 < T'(log T)’“Z'H. (1.4)

The length of the Dirichlet polynomlal Ae(s ) turns out to be important in our argument. We
will eventually chose & = T% where 0 < 9 < < is described in Lemma 4.2, below.

It is convenient to express the sums ¥ and 3o slightly differently. Assummg the Riemann
hypothesis, 1 —p = p for any non-trivial zero p of ((s). Thus, A¢(p) = Ae(1—p). This allows us
to re-write the sums in (1.3) as

= Y (AP T A(1-p)"  and By = > Ac(p)FAc(1-p)k. (1.5)

0<~<T 0<~<T

It is with these representations of ¥; and ¥, that we establish the bounds in (1.4).

2. Conventions

In this article we shall use the convention that ¢ denotes an arbitrarily small positive constant
which may vary from line to line. For functions f(z) and g(z) we shall interchangeably use
the notations f(z) = O(g(x)), f(z) < g(z), or g(x) > f(x) to mean there exists M > 0 such
that |f(z)| < M|g(z)| for all = sufficiently large. The constants implied in our big-O, <, and
> estimates are allowed to depend on k and ¢.

3. Some preliminary estimates

For each real number £ > 1 and each k& € N, we define the arithmetic sequence of real numbers
r(n; §) by

Ae(s)F = (>0 ni)k = i T’“(Sj 8. (3.1)

n<g n=1
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The function 7,(n;§) is a truncated approximation to the arithmetic function 7(n), the kth
iterated divisor function, which is defined by

1\F% > Tk(n)
Fe= (2 =) =2 ™ (32)

n=1 n=1

for s > 1. We use 7(n) = 72(n) to denote the divisor function.
We require a few estimates for sums involving the functions 74 (n) and 7 (n;€) in order to
establish the bounds for ¥; and ¥o in (1.4). We use repeatedly that, for x > 3 and k,¢ € N,

T (n)Te (N
> Te(m)7e(n) =0 (log z)* (3.3)
n<x n
where the implied constants depend on k and ¢. These bounds are well known.
From (3.1) and (3.2) we notice that 74 (n; £) is non-negative and 7 (n; §) < 7(n) with equality
holding when n < &. In particular choosing k = £ in (3.3) we find that, for £ > 3,

o) < Yo Uk < 50 BOE < 5 AR g o). (o

n<£ nggk ngfk

Also, we will need the following inequality concerning the arithmetic function 7% (n;¢).
LeEmMA 3.1. For k,m,n € N and £ > 1, we have 1 (mn; &) < 1.(m; §) 1 (n; £).

Proof. Let k be a fixed positive integer and & > 1. For each n € N, let
Sp={(d1,da,...,dy) + didy---dpy=m, d; <& fori=1,...,k}.

In order to prove the lemma, it suffices to exhibit an injection from the set S,,,, into S,, X S,.
Supposing that mn = dyds - - - di, where each d; < &, we see that (di,ds,...,d;) € Spmn. For
each 1 =1,...,k, we can decompose each d; as e; times f; where m = ejes - e, and n =
fifa--+ fr as follows. Define e; to be the unique divisor of d; such that d = e f1, e1|m, and
(m/e1, f1) = 1. Next, define e3 to be the unique divisor of dy such that da = es fo, ea|m/ey, and
(m/(e1e2), f2) = 1. In general, e; is defined (fori = 2, ..., k) as the unique divisor of d; such that
d; =e; fi,e;lm/(erea---e;—1), and (m/(eres---e;), fi) = 1. This construction guarantees that
m = eyes - - - e, and, hence, that n = f1 fo - fi. Moreover, because d; < £ foreachi=1,...,k
we also see that e; < & and f; < & for each i = 1,..., k. Therefore, this construction gives a
map from the k-tuple

(di,da, ..., dy) € Smn — (e1,€2,...,ex) X (f1, f2,..., fx) € Sm X Sh.

Since d; = e; f; for each i = 1,...,k, one can readily verify that this map is an injection. This
proves the lemma. |

4. A Lower Bound for ¥;

In order to establish a lower bound for X1, we require a mean-value estimate for sums of the
form

SX,Y;T) = Y {(p)X(p)Y(1-p)
0<y<T
where
X(s) = a:% and Y(s) = Z %

n<N n<N
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are Dirichlet polynomials. We provide a proof of Lemma 4.1, stated below, in section 6 of this
article. Before stating the formula for S(X,Y;T), we first introduce some notation. For T large,
we let .Z =log L and N = T? where ¢ > 0. The functions p(-) and A(-) are used to denote
the usual arithmetic functions of Mobius and von Mangoldt given by the generating series, for
Rs > 1,

1 o a(n) ((s) _ o~ An)
— = and — = ,
& w o) 2w
respectively. Also, we define the function Ay(+) by

Aa(n) = (1 log?)(n) (4.1)
for each n € N. Then, the following formula for S(X,Y;T) holds.

LEMMA 4.1. Assume the GRH. Let j, ¢ € N and set £ = NV ™2x0:8)  We define
T =T7i(n;§) and  yn = 7e(n;9). (4.2)

Then for 0 <9 < %, € > 0, and sufficiently large T' we have

S(X,Y:T) = % S b (%?Q(z) — P (L) logn — %(log m)? + (A+log)(n)

mn<

T r(a;b) Zagl .
+ﬁ Z ab Z gTngr O(Texp(—c\/@)+1ﬂ9+é+)
a,b<N . (N N
(a,b)=1 g<min (5.7)

where Py and Po are monic polynomials of degrees 1 and 2, respectively, and for a,b € N

r(a;b) < Aa(a) + (log T)A(a). (4.3)

The proof of this lemma will be provided in the last section of the article. For the remainder
of this section, we assume the truth of Lemma 4.1 and derive from it our desired lower bound
for 3. We henceforth assume that 0 < 9 < %. Letting j = k — 1 and £ = k, we find that X (s) =
Ag(s)k~1 and Y (s) = A¢(s)*. Therefore, by Lemma 4.1, we have

N T Z Tk—l(m;f)Tk(mn;é) (13)2(924) _:]Jl(og/ﬂ) logn_ %(logn)Q + (A*log)(n))

- om mn 2
mn<e®
mgfk—l
T r(a;b) Te—1(ag; €)1 (bg; €)
— o(Tr
+271’ Zk ab Z;\f N 9 ! ( )
ahse o esmin(3.4)

=811+ 812+ O(T),

say. Here N =TY = ¢% and so & = TY/% < TV/4%_ We will derive a lower bound for ¥; by
establishing the following two results.

LEMMA 4.2. There exists a 9 satisfying 0 <9 < i such that [812] < %SH when T is

sufficiently large.

LEMMA 4.3. For any fixed 9 satisfying 0 < ¢ < i, we have 811 > T'(log T)kzﬁ.
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REMARK: Note that by combining the results of the above two lemmas, it follows that
Sy =811 + 812+ O(T) > L - 811 + O(T) > T(log T)* +2
for the value of ¥ in Lemma 4.2. This establishes the estimate for ¥; stated in (1.4).
Proof of Lemma 4.2. By Lemma 3.1, we have 7 (mn; &) < 7(m;&)7i(n; &) for k,m,n € N.

Using this inequality along with the bound for the arithmetic function r(a,b) given in (4.3),
we find that 812 < T (813 + 814) where

Sy = Z Tk1(g;§);7'k(bg;f) Z A2(G>Tl;—1(a§§)
bg<N a<N

and

814 =logT Z Th-1(g; 5 Tk (bg: €) Z Ala )kal(aéf).

a
bg<N a<N

Next, note that As is supported on those integers a with at most two distinct prime factors
and, moreover, that Ay(p’) < j(logp)? and Az(p’¢*) < (logp)(log q) for prime powers p? and
q*. Since 7,_1(a;€) < 7,_1(a) it follows that

Tr—1(9; &) (bg; 5)
bg

813 K 10g N Z
bg<N

A similar argument establishes that

814 < logT Z Tk-1(9; )71 (bg; ) Z Ala )7'2—1(@)

bg
bg<N a<N

Tr—1(9; &) T (bg; f)
bg

< logTlog N Z
bg<N

Since N < T, it follows from the above estimates that

Th—1(m; §) 7k (mn; §)

812 < T'log T log N Z

mn
mn<N
< 2 Tie—1(m; §) i (mn; §)
< (ANT2? > o
mn<e*
m<gh1
for some constant A > 0 and T sufficiently large.
We now turn our attention to 817. We claim that
1 1 1
(?Pg(.f) —P1(Z)logn — §(log n)? + (A * log)(n)) > 532 (4.4)

when T is sufficiently large. To see why, notice that since Py is monic, P2(Z) = (1 + o(1)).£>.
Also since n < &8 < T%/* and P; is monic, we have

P (L) logn + = (logn) (i +5 _142 +o(1)).2%

Therefore, since (A *log)(n) > 0, these estimates together imply that the estimate in (4.4)
holds when T is sufficiently large. Now, using (4.4), it follows that for any fixed ¢ satisfying
0<¥< i we have

1 Tr—1(m; &) (mn; £)

> 2 4

S11 2 167r$ mzn<§’“ mn (4.5)
m<eht
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for T sufficiently large. Hence, choosing ¥ = min (ﬁ, i) , we establish Lemma 4.2. O

Proof of Lemma 4.3. In order to prove the lemma, we will estimate the sum on right-hand
side of (4.5). Letting mn = ¢, we see that

Tie—1 (1 §) T (mn; € k(6 €
y meimnims) g nll )< 3 m(m;s)). W)

mn<gk L<gk m|e
m<gr—1 m<gh!

But, noticing that

Z Te—1(m; &) > (4 ),

m|¢
m<ek—1

(4.7)

we can conclude from (3.4), (4.6), and (4.7) that

Te—1(m; §) T (mn; §) 7 (£;€)? K2
> >y 2> (logT)
mnggk mn <€ ¢

m<gkF-1

which, when combined with (4.5), implies that 811 > T'(log T)’€2+2 for any fixed 0 <9 < 1.0

5. An Upper Bound for ¥

Throughout this section, we assume that £ = T% where 0 < 9 < % is the number described
in Lemma 4.2. Assuming the Riemann hypothesis, we interchange the sums in (1.5) and find
that

Ti(n;6)* Tk (m; )7k (n; € A
e S By g s B Sy
n<gk m<Ek m<n<gk 0<y<T

where N(T') denotes the number of non-trivial zeros of ((s) up to a height T'. Using (1.2) and

(3.4), it follows that
7k(n; €)* K241
N(T) > S < Tlog T)F (5.2)
n<gk

In order to bound the second sum on the right-hand side of (5.1), we require the following
version of the Landau-Gonek explicit formula. (See Gonek [5, 7].)

LEMMA 5.1. Let 2,7 > 1 and let p = 3 + i~y denote a non-trivial zero of ((s). Then

T
Z 2P = —Q—A(a:) + O(z log(22T) log log(3x))
0o<~y<T &

+ O(logzmin (T, %)) + O(log(2T) min (T, @))

where (x) denotes the distance from x to the closest prime power other than x itself and
A(x) =logp if x is a positive integral power of a prime p and A(z) = 0 otherwise.
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Applying the lemma, we find that

7 (m; €) 73 (15 €) n\P T 71 (m; §) (0 ) A7)
YoX e Y (W) el X .

m<E&F m<n<Ek 0<~<T m<&F m<n<Ek

+0 flog.fz Z —ng)

m<ER m<n<Ek

co| ¥y monimd e

m<&k m<n<gk m

tolzy B —”jﬂfog“: :¢)

m<ER m<n<Ek
= 821 + S22 + Sa23 + Sa4,

say. Since we only require an upper bound for 35 (which, by definition, is clearly positive), we
can ignore the contribution from 821 because 74 (m; &)1 (n; §)A(75) > 0 for each m,n € N and
so the contribution of 851 to X is clearly negative.

To estimate S0, we note that 73 (n; ) < 7(n) <. n° which implies 8o < T'/4*+¢. Turning
to 823, we write n as gm + £ with —5 < £ < 7 and find that

823<<TQZ Z Z 1/

m<er g<| & |41 T E ST (g + )
where |x] denotes the greatest integer 1esb than or equal to x. Notice that (g + > = % if ¢ is
a prime power and ¢ # 0, otherwise (g + > . Hence,
- m 1
mer(X 1Y XMyl y oy
msgh ek g 1SS m<é < 41 15058
A(g)#0
< TE( >y 1) <« T4+
mEE o< (6 141
It remains to consider So4. For integers 1 < m < n < fk, let n =m + £. Then
14 I4
logﬁ = —log(l— —) > —.
m m m
Consequently,
804 < T° <« T2k = T1/4+2%, 5.3
24 Z Z m+ e) TN 5 ( )

m<gk 1<z<gk

Combining (5.2) with our estimates for 822, Sa3, and 824 we deduce that 3o < T'(log T)’“Q‘*‘1
which, when combined with our estimates for ¥; in the previous section, completes the proof
of Theorem 1.1.

6. Proof of Lemma 4.1

In this section, we evaluate the sum

$= > (X(p)Y1-p)

0<~<T
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where X(s) =) _yxnon™®% Y(s)=>, - y¥ynn °, and z,,y, are defined by (4.2). The
functional equation for the Riemann zeta-function is ((s) = x(s)¢(1—s), where

x(s) = 2°7° tsin(ns/2)T(1 — s).

Differentiating the functional equation, we have

!

'(s) = —x(s) (¢ (1—5) — X (s)¢(1—s)).
¢() = —x()(¢'(1=5) = (:)C(1-9))

From this last equation it follows that

s=— 3 MACU-pX(Y(-p) = 5 |

0<y<T 27 | g( x(s)¢'(1=5)X(s)Y (1—s)ds

where ¢ denotes the positively oriented rectangle with vertices at 1 — k + 4,k + i,k + ¢T, and
1 — Kk + 4T where k = 1+ (logT)~!. Here, without loss of generality, we can choose T so that
the distance from T to the nearest ordinate v of a zero p = 8+ iy of {(s) is uniformly >
(logT)~!. Differentiating the functional equation, we have

S5 =X - o) (6.1)

¢ X ¢
and thus

[ (o) X ()Y (1) ds
*gmch(l )X ()¢ (1=5)X (s)Y (1—s)d

since the integral involving XY/(S) is zero by Cauchy’s theorem. Using standard estimates for
the integrand, the contribution to the above integral from horizontal edges of this contour is
< NTV?*e, Next, it follows from the functional equation and (6.1) that

/

X
X(s)¢'(1=s) = =(s) + ;(S)C(S) (6.2)
By (6.1) and (6.2) it follows that the right-hand side of the previous integral is

1
Sp = —
R 21

KHT&/ ? _X*/S/S C—/s/s s —3)ds:
Lﬂ» (3 0% 2T (6) + F O ) X (Y (1-s)ds: (63

the left-hand side is
1 1—r+1 C/ ,
SL:—_J =(1-95)x(s)'(1—5)X(s)Y (1—s)ds.
37 | A=) XY (19
By the variable change s — 1—s the left-hand side equals —J;, where
1 k41T C/

P LH X9 E )@Y (5)X (1=s)ds.

It follows that
8 =8p — I + O(NTY?+e)

with Sz and J;, defined as above. To facilitate the evaluation of Jy,, we write

oo
¢ s

R ()¢ ()Y (s)

I
E\
2
3

where



LOWER BOUNDS FOR MOMENTS OF ¢’ (p) Page 9 of 19

Then

Tk oo 1 Kk+iT s
1= 3 TS am) {MJ X(1—s) (m/k) ds}. (6.4)

k<N "V m=1 ki

To estimate this integral, we invoke the following lemma.

LEMMA 6.1. Let r, kg > 0. Then

1 [T 12 TrE+1/2
5 L+i X(1=s)r=*ds =Ijy zy(r)e(-r)+ O (r (T + 7= 27| +T1/2)>

uniformly for ko < < 2 where Ij z(r) is the indicator function of [0, L. Here, as usual, the

function e(z) = ™%,

This is a direct consequence of Lemma 2 of [4] and Stirling’s formula for the gamma function.
Using an argument similar to the proof of Lemma 2 of [2], it may be shown that the error term
of the above lemma contributes an amount which is O(NT'/?*¢) to (6.4). Thus

I, = M+ O(NT/?*)

M= Z :%k Z a(m)e (f%) (6.5)

k<N " < kT
— 27

where

and so
8§ =8r — M+ O(NTY?F%), (6.6)
Next, we simplify M by expressing the additive character e(—m/k) in terms of multiplicative
characters. We write m/k = m//k’ with (m/, k") = 1 and invoke the identity

/

e(-™) =e(- ™) :@ S r@x(-m)

x mod k'

where 7(x) = Zs;l x(a)e(a/k") is the Gauss sum for xy modulo k’. Since 7(xo) = (k') for the
principal character modulo x¢ modulo k', we have

my () |1 N
‘(5 =G o N "

X#X0

The term g(::) provides the main contribution to M and the remaining terms contribute an

amount which will be an error term. It follows that M = My + £ where
Ty p(k/(m, k))
My = — (m) (6.8)
o(k/(m, k))

and

> rx(-m). (6.9)
X

By (6.6) and the above decomposition of M it follows that
8§ =8r—My— &+ O(NTY/?+4), (6.10)

The remainder of the article is devoted to computing asymptotic expressions for Sp and My
and for providing an upper bound for €. The evaluation of Sg is straighforward, whereas the
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evalution of My and £ are more involved. The bound for €, which requires GRH, is established
using a method of Conrey, Ghosh & Gonek [1].
We will prove the following three results which together imply our theorem.

PROPOSITION 6.2. If x,,, y, are real and satisfy |z,|, |y,| < n° then

T x'ﬂl ymn

2 mn
mn<N

Sk (92 (£) — 20,(Z)(logn) + (A * 1og)(n)) +O(NT?)

where Qg and Q; are monic polynomials of degrees 2 and 1, respectively.

PROPOSITION 6.3. If ,,y, are real and satisfy |z,|, |yn| < n° then

T s(a;b) ZTag¥b T Tmy T

Y , voatha | T 5~ ot g2 (1) 46, o

07 o Z ab Z g +47r Z mn o8 2mn teo ( )
a,b< N ggmin(%,% mn<N

(a,b)=1

where s(a;b) < Az(a) + (log T)A(a), and €y < T exp(—cy/logT) for some ¢ > 0.

PROPOSITION 6.4. Assume GRH. If z,,,y, satisfy (4.2) and 0 < < 1/2, then
& < NT3te (6.12)
where € is the sum defined in (6.9).

Assuming these three results, we may now deduce Lemma 4.1.

Proof of Lemma 4.1. By (6.10) and Propositions 6.2, 6.3, and 6.4, we see that

S= L Y Immn (g, () - 90, (#)(logn) + (Axlog)(n) — 5(£ ~ logn)?)

mn
mn<N
T 5(@7 b) xagybg 19+l+
“or X a2 g TO@exp(-eviogT) + T
(Z%?ivl ggmin(%,%

for 0 <9 < % Observing that
—3(Z —logn)® = —+.2° + Z(logn) — 3(logn)?

and then setting 1Po(z) = Qo(x) — 122, Pi(z) = 29, (x) — z, and 7(a;b) = —s(a;b), the proof
2 2

of Lemma 4.1 now follows. ]

We now prove the Propositions.

Proof of Proposition 6.2. By (6.3) and the estimate

!/

() = ~log (5-) +06™

which holds uniformly for % <o <2andt>1, it follows that

Sa~ m7 | " (log? (2 )cts) + 2108 () (o) + SECE) XY (-sds (613
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with an error term O(NT*). In order to evaluate Sg, it suffices to evaluate integrals of the
form

1
2mi

So(T5{bu}) =

where B(s) =Y o7 | |byJu™* is a Dirichlet series satisfying B(o) < (¢ — 1)~ for ¢ > 1 and
some fixed a > 0. Interchanging the order of summation and integration, it follows that

(T3 {by)) = Z Z ni’:ﬁ”n o JT (%)” log® (%) dt. (6.14)

u>1

RAiT
LH B(s)X(s)Y(1—s)log” (%) ds

The integral may be evaluated as

T t TP, 1), ifz=1
J. xztlog’u (7)dt: ($)+O_( )7 ey .a
1 27 O(Z%|logz|™1), otherwise,

where P, (z) is a degree v monic polynomial. It follows from this estimate that the terms for
which n # um in (6.14) contribute an amount which is O(NT*®) to Sg. The main term, arising
from the terms with n = um, is thus

T bu"l“”n/y/fn/u/ e
Sy(T5{bu}) = %?v(g) > B O(NT?).
um<N

Applying this estimate with b, = 1,b, = —2logu, and b, = (A *log)(u) to each of the three
terms in the integrand in (6.13), respectively, completes the proof of Proposition 6.2. |

The proofs of Propositions 6.3 and 6.4 will require the following result for decomposing
Dirichlet series whose coefficients are convolutions.

LEMMA 6.5. Let J €N, J>2 and let f1, fa,..., f; be arithmetic functions. Let g € N
and x any completely multiplicative function. Then

i (f1*f2*"':n{J)(gm)X(m) - ¥ H Z fl(%)}(m) (6.15)
(mn?k:)1:1 g192---9s=gi= 1(m kg1 gz 1) 1

Note that if i = 1 in the inner sum, then g1 ---g;_1 = 1.

Proof. Note that for any two arithmetic functions f; and fs5, we have the identity

(frxf)gm)= Y > filgruw) fa(gauz). (6.16)
g192=g (ulugz )ml
u2,91)=

To see this, we make the change of variables o = gous and notice that the right-hand side

equals
Zfl(%)fQ(O‘) Z IZZfl(%)fQ(O‘) Z L.

a|gm gau2=x algm gau2=c
9219, uz|lm 9219, uz|lm
(uz,55)=1 (e,9)=92

Observe that the condition ug | m is extraneous. Thus the last expression equals (f1 * f2)(gm)
since the inner sum possesses the single summand g = (v, g). Multiplying (6.16) by x(m)m~—*
and summing over (m, k) = 1 establishes the Lemma for the case J = 2. For J > 2, the result
follows by induction. |
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Proof of Proposition 6.3. In (6.8) we make the variable change ¢ = (m, k), m = ¢m/, and
k = (k" where (m/, k") = 1 to obtain

zo (k') )
My = /m’).
0 o oK) Z a(tm’)
Lk'<N 7nlS k2’7’3“
(m/7k/):1

Note that by (6.16) we have

a(fm') = (y = (A x1og))( Z Z Ygo (A *1og)(hu).
gh=L yu=m'
(v,h)=1
It follows that
Lok |
My = o > (Axlog)(hu). (6.17)
Lk'<N gh 74 gv<N m)<k T
(v,k’h)= (u b )2"1

Relabelling k' as k and regrouping terms, we find that

Mo = Z z%lg'; Z Z (A *log) (hu). (6.18)

ghk<N

(vykh) (u,k)W:l
In order to further simplify My, it suffices to evaluate the sum

Sha(X) = (Axlog)(hu)

u<X
(u,k)=1

where T' < X < T'N.
By Perron’s formula, this sum may be written as

Sne(X) = L JW‘U( i (A*log)(hu)) X o( (h)X(logX)6> (619)

21 Jo_ir = u® U
(u77:
where ¢ =1+ (log X)™!. In order to estimate the integral, we will now find an alternate

expression for the generating function

= (A xlog)(hu
u=1
(u,k)=1
By Lemma 6.5, it follows that
B A(am) log(bm)
- Z Z ms Z ms '
ab=h (m,k)=1 (m,ak)=1
If, for s € C and n € N, we define the functions
s ®'(s;m log p
@(s;n):H(l—p ) and 7n(s;n) = ( ):Z - ,

ps—1
pln pln

then a straightforward calculation shows that

N —%(s) n(s;k), ifa=1,
6((a k)) : 14
Z Aa )(1—|— ), if a=7p"

( m:)1:1 0,

>

otherwise,
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where 4(-) is the arithmetic function defined by
0(1)=1 and d(n)=0 forn > 2. (6.20)

Moreover,

S 1BOM) g ak) ((1og(b) — n(s:ak))C(s) — C'(s))

ms
m=1
(m,ak)=1

Consequently, it follows that

G(s) = (- §<s> — (53 k) ) @(ss k) ((1og(h) = n(ss k))C(s) = C'(5)
+ 37 8@ (1 2 ) a(ss a) (g(4) — n(ss b)) — ¢(5).
ab=h

We denote this last expression as G(s) = G1(s) + Ga(s). Expanding, we see that

Gi(s) = B(s: ) (C'(S) ¢'(s) — (log(h) — 2n(s: K))C'(s) + s k) (n(s: k) — log<h>><<s>>.

¢(s)
We now simplify G (s). If a = p* with p prime and ¢ € N then
B(s: ak) = D(s;k), %f (a, k) >1 ‘
(I)(S,k)(l—p_s), if (aak) =1
and
(5: ak) n(s; k), if (a,k) > 1
s;a .
e n(sik) + 182 if (a,k) = 1
Applying these observations, we can re-write Ga(s) as
Ga(s) = 0(s;k) Y Ala) ((log(b) — n(s; k))¢(s) = ¢'(s))
ab=h, a_p
(a,k)>1

Bsik) Y A@)(1+ ) 1-p7) (( log(5) (s k) 2 )<<s>—<'<s>)

ab=h, a:pz ps -1
(a,k)=1

_ / A(a)logp
(ZA ((log(®) (s’k))“s)_“s))_(a,,};:peps—l )<<s>>

(a,k)=1

=¢><s;k><—log<h>c<s>+((A*log)(h)—n<s;k>logh— > A(“”ng)«s)).

ab=h, a:pl ps -1
(a,k)=1
Combining these new expressions for G1(s) and G(s), we obtain
G(s) = B(s: ) (CC(()) ¢(5) — (2los(h) — 2n(s: K))C'(5)
Ala)l (6.21)
+ (A% 1og) () + (s k) — 20(s: k) log() — - (]j?_ofp)as)).
ab=h, a:p[

(a,k)=1
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With this formula for G(s), we may now complete the evaluation of Sy, ;(X). By (6.19) and

the calculus of residues, it follows that
Xe 1 Xs 7(h) X (log X )6
X) = — —_— .22
S11(X) = Res {G(s> : } e | G ( . (6.22)

where % denotes the polygonal path of the three line segments connecting the vertices
c+iU,a+iU,a— iU, and ¢—1iU and where a =1—1/logU. We note that when U is
sufficiently large, € lies within the zero-free region of ((s). We choose U = exp(c’v/log X)
for an appropriate ¢ > 0, use (6.21), and apply well known bounds for —( ), ¢ (s) for 7 >0
along € to obtain

S

S

X
Shr(X) = R_els {G(s) } + O(T(h)X exp (— ¢’/log X)) (6.23)
for some ¢’ > 0 and k < N.
To complete the proof of the proposition, it remains to compute the residue on the right-hand
side of (6.23). It should be observed that the principal terms in the residue will arise from the
residue at s = 1 of

XS
S.

B(s: k) (f((;) ('(5) ~ 2log(R)C/(s) + (A » 1og><h><<s>>

Since ®(1; k) = @, it may be seen that the leading-order term of the residue of this expression
is
Xo(k)

Z (%(log X)? +2log(X)logh + (A * log)(h)).

However, by a standard residue calculation, the residue of G(s )T may be computed exactly
and we find that

%(k) (%(log X)? 4+ 2log(X)log h + (A * log)(h) + a(k)log(X) + B(h, k:))

+ O(7(h) X exp(—c’y/log X))

for certain arithmetic functions «(k) and S(h, k) which can be computed explicitly." Inserting

Sh k(X) =

)

this expression for Sp, 1, (X ) into (6.18) with X = 2L yields
T qhk,u ygv
Mo~ge D >
ghk<N gv<N
(v,kh)=

(Bt g )t (1 o + o610 (55) + 0.0

fIn fact, it can be shown that a(k) = —n(1;k)—1—+0 and

B(h, k) =n(l;k)(log(h)*%n(l;k)*'yo)f210gh*%n’(1;k)f > =240

where Cp = 371 +70+1+7§. Here 79 is the Euler-Mascheroni constant and —<; is the constant term in the
Laurent serles expansion of ¢’(s) about s = 1. The Maple code which computes a(k), 8(h, k), and the residue
of G(s )T is available on request from the authors.
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with an error term O(T exp(—cy/logT)) for some ¢ > 0. By the variable change hk = a and by
relabelling the variable v as b we see that

l‘qa Ygb
Mo = o Z —so a;b) + O(T exp(—cy/logT))

ga<N gb<N
(a,b)=1

where
so(a;b)= (k) (; (log ;—i) +2log (;Z) log h+ (A * log)(h)+a(k) log (;ﬂ;) +08(h, k))
hk=a

In order to simplify sg(a; b), we decompose (log 27rb) = log? k + 2log k log % + (log %)2 and
log(2L.) = log(k) + log(55;) and then invoke the identities

As(a) —2log(a)A(a) = > pu(k)log’k,

hk=a
“A@) = Y ulk)logh,
hk=a
5(a) = Y ulk),
hk=a
(6.24)
(log a)A(a) — As(a) = > pu(k)logklogh,
hk=a
Aa) = Z w(k)logh, and
hk=a
As(a) — Aa)log(a) = 3 u(k)(A + log) (k).
hk=a
Furthermore, it may be shown that
T
> wk)a(k) log ( — b) < As(a) + (log T)A(a)
hk=a
and
> u(k)B(h, k) < As(a) + (log T)A(a).
hk=a
These last two estimates and identities in (6.24) imply that
T
so(a;b) = log (2 b)&(a) + O(Ag(a) + (log T)A(a)). (6.25)
Thus
T s(a;b) ZgaYgb T TglYgh, o T
Mo = 2m Z ab Z g + 4 gb log (2771))
a,b<N g<min(Z&, %) gb<N
(a,b)=1
+ O(T exp(—c/logT))
where s(a;b) = so(a;b) — L log (55;). Moreover, by (6.25)
s(a;b) < As(a) + (logT)A(a).
This establishes Proposition 6.3. |

Proof of Proposition 6.4. Recall that

szz%’“ek

k<N
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where
1
& = a(m)(b(k/ Z T(X)x(—m). (6.26)
m<iL x mod k’
X#Xo

where

Q*(s,a,k)zZa(m)(d)(lkl) 3 T(X)X(—m’)>m—8, (6.27)

x mod k’
XFX0

k' =k/(k,m), and m' = m/(k,m). Shortly, we shall establish that Q*(s, a, k) is holomorphic
and satisfies the bound
|Q* (s, a, k)| < VET® (6.28)

in the region R(s) > % + €. Assuming these facts, it follows from a contour shift and Cauchy’s
theorem that

(M)

%)

1 )
1 §+6+2T

2mi

Q* (s, k)(ZZ) %+Oj(k

T4e—iT
€ 1ie r dt 3 e
< (VET?)(kT)? k2T
T |§ +e+ Zt|

< kiterste,

Inserting this expression in (6.9) yields

E LT N oy < NTEHS

k<N

since |z;| < T° and k < T. Since € > 0 was abitrary, replacing 3¢ with e yields Proposition
6.4 based upon our assumptions for Q*(s, o, k).

To complete the argument it suffices to establish the holomorphy of Q*(s, «, k) in the region
R(s) > % + ¢ and to establish the bound (6.28). We begin by simplifying Q*(s, v, k). In the
definition (6.27), we put g = (k,m). Then, writing m = gm’, we obtain

* 1 Eva m —s
Q(S’“’k)_%mm > am( Y rOx="1))m

m= g
(K=o X;;fj v
0
o0 (6.29)
( )
=2 e = T Z -
il /g iy WL
X#XO (m’,5)=

We now simplify the inner Dirichlet series using Lemma 6.5. Applying this lemma to a =
y *log A, it follows that the innermost Dirichlet series over m’ in the last line of (6.29) can
be written as

Z = > Aus, 5 g1)As(s, Egr, 92) As(s, £g192, 93) (6.30)

m’ 919293=49
/

(m

Q\?‘H
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where, for u,v € N,

.S u, U Z yva

m<N

(m,u):l

= log(mwv)x(m
oy = S osm(m)

m=1 m

(m,u)=1

and

At this point we simplify the functions A; for i = 1,2,3. Recall that y,, = 7;(n; N %) where
J = max(j,1). Let I(n) denote the indicator function of the interval [1, N7] and observe that
Yn = (I %I *---xI)(n) where I is convolved with itself J — 1 times. By another application of
Lemma 6.5, it follovvs that

J o
Asun = Y [T Y T il Z S (63

1 v1-vg=v i=1
vi—1)=1 m<

(m,uvq -+ v 1)=1

1
J

In addition, we have

fscn) = (o) 3 M 57 o)

mS
= m=1
(m u) 1 (m,u)=1
_ _ x(p) o d _ x(p) (6.32)
= (logv) ll_[ (1 p )L(s, X) 7 (H (1 ps+z)L(s + z,X)) -
plu plu
d
= (log v) F(s,u, ) L(5.x) = = (F(s+ 2u )L(s + 20| _
where
_ ~ x(p)
F(s,u,x) = H (1 o )
plu
Also,
—L—(s X) — (s u,x), ifv=1,
—logp if v = p’ and =1
Ag(s,u,0) = { X0 fomp end el =L g g
log p, if v =p’ and p | u,
0, otherwise.

We remark that A;(s,u,v) is clearly holomorphic and, also, that As(s,u,v) is holomorphic
since x is a non-principal character. Moreover, assuming GRH, As(s,u,v) is a holomorphic
function in the region R(s) > % +¢. It follows that Q*(s,a, k) is holomorphic in the region
R(s) > 1 +e.

We now provide bounds for the A4; (for i =1,2,3) when R(s) > 3 +¢. These bounds will
depend on the standard convexity estimates which, on GRH, state that
li

D601 [ (50| < (L1 (5) (634
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for R(s) > % + e. Also we require the bounds

1 €
[F'(s,u, x)| < H(l—%\/ﬁ) < 7(u) € u,
F/

p)l
F Z X ng’ < Zlogp <K uf (635)

p*—x(»

S’LL,X’

|F'(s,u, x)| < u’

which are valid for R(s) > % Using (6.31), we see that in order to bound A; (s, u,v), it suffices
to establish a bound for the character sum

Z x(m)m™?°.

m<X
(m,V)=1
Assuming GRH, a bound for this sum without the condition (m,V) =1 is established on
page 221 of [2]. The method is to apply Perron’s formula, apply a contour shift, and invoke
the Lindel6f bounds in (6.34) to bound the various contours. Following the argument in [2],
assuming GRH, yields the similar estimate

Z X

m<X

< T(V)T* (S) PG log(T)

(m,V)=1
for R(s) > 1 + ¢ and |3(s)| < T Inserting this into (6.31) yields
|[A1(s, u,v)| < 75 (v)T*¢ (6.36)
assuming GRH. It follows from (6.34) and (6.35) that
|A2(s,u,v)|, |As(s,u,v)| < T¢ (6.37)

for R(s) > % + ¢, |S(s)| < T, and u,v < T. Thus by (6.30), (6.36), and (6.37) we deduce that
the innermost Dirichlet series in the last line of (6.29) is

o / l
Z w < T¢ (6.38)
)

(’rn',g):l
where € > 0 may be different than the € appearing in the bounds for A;(s,u,v) for i = 1,2, 3.
Inserting this last expression back into (6.29), we conclude that

|Q(sak|<<z (k/)% Z IT(0)IT*

glk x mod %
XF#Xo
TE
< g}lkj (k/ P k/9)Vk]g
< VET®.

This establishes the bound for Q*(s,«, k) in (6.28) which, in turn, completes the proof of
Proposition 6.4. |
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