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Let %ﬁf be the set of even, primitive Dirichlet characters (mod ¢). Using the mollifier
method, we show that L(k)(%, x) # 0 for almost all the characters x € (K;' when k and
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1. Introduction and Statement of the Main Result

An important topic in number theory is the behavior of families of L-functions and
their derivatives inside the critical strip. In particular, questions concerning the
order of vanishing of L-functions at special points on the critical line have received
a great deal of attention. In the case of Dirichlet L-functions, it is widely believed
that L(%, x) # 0 for all primitive characters x. For quadratic characters y, this
appears to have been first conjectured by Chowla (see [3, Chap. 8]).

Though a proof of the non-vanishing of Dirichlet L-functions at the central point,
s = 1/2, has remained elusive, there has been considerable progress in showing that
L(%, X) is very often non-zero within various families of characters x. In [10], Iwaniec
and Sarnak show that at least 1/3 of Dirichlet L-functions in the family of even
primitive characters, to a large modulus ¢, do not vanish at the central point. This
improves upon earlier work of Balasubramanian and Murty [1]. Soundararajan [16]
has shown that at least 7/8 of the central values in the family of quadratic Dirichlet
L-functions are non-zero. More recently, Baier and Young [2] consider the family
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of Dirichlet L-functions associated to cubic and sextic characters and show that
infinitely many (though not a positive proportion) of these functions are not zero
at the central point.

In [15], Michel and VanderKam consider the behavior of the derivatives of com-
pleted Dirichlet L-functions, A(s, x), at the central point. (See Sec. 2, below, for a
definition.) In particular, they show that for € > 0 and ¢ sufficiently large depending

on g, the inequality
1= (P-e)- Y 1 (1.1)
XEEC, XEE,
AP (L x0)#0

holds, where the proportion

T3 36K2 Kt

for some absolute constant ¢ > 0. As k tends to infinity, the proportion P
approaches two thirds. This is analogous to a result of Conrey [4], who shows that
almost all of the zeros of the kth derivative of the Riemann £-function are on the
critical line, and to a result of Kowalski et al. [13] who show that almost half of the
set {A® (L, f)} is non-zero, where f runs over the set of primitive Hecke eigen-
forms of weight 2 relative to T'g(g). This last result is best possible because half of
these forms are even and half are odd. However, unlike the results in [4, 13], the
inequality in (1.1) is not best possible since it is expected that P, = 1 for every
positive integer k.

In contrast to [15], we study the behavior of the functions L) (s, x), the deriva-
tives of Dirichlet L-functions, at s = % When k and ¢ are sufficiently large, we
show that L(’“)(%7 X) # 0 for almost all of the even, primitive characters x. As is
the case in [4, 13], our result is asymptotically best possible as k tends to infinity.

Theorem 1.1. Let k € N. Then, for ¢ > 0 and q sufficiently large (depending
on €), we have

1= (F-eo)- ) 1, (1.2)

XEE,T XEE,
L") (1,x)#0
where the proportion
1 c
PP=1—— — — 1.3
F 16k2  k* (13)

for some absolute constant ¢ > 0. In particular, Py > 0.7544, Py > 0.9083, P35 >
0.9642, P; > 0.9853, P > 0.9935, and P55 > 0.9999.

Theorem 1.1 confirms a prediction of Conrey and Snaith which arises from the
L-functions Ratios Conjectures (see [8, §8.1]). Their heuristic is based upon studying
the behavior of the mollified moments of the derivatives of the Riemann zeta-
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function in t-aspect which they conjecture should behave similarly to the mollified
moments of the derivatives of Dirichlet L-functions at the central point in g-aspect.
This is in agreement with the conjectures of Keating and Snaith [11, 12] that suggest
that both of these families of L-functions, the Riemann zeta-function in t-aspect
and Dirichlet L-functions in g-aspect, should have the same underlying “unitary”
symmetry and so their (mollified) moments should behave similarly. See [5] for a
detailed discussion of these ideas. In particular, our Proposition 2.2 is a g-analogue
of a result of Conrey and Ghosh* who computed the mollified moments of the
derivatives of the Riemann zeta-function on the critical line.

We remark that Theorem 1.1 does not improve upon the main result of [15]. In
fact, for k € N, the zeros of the functions L(¥) (s, ) and A (s, x) are expected to
behave quite differently. To illustrate this point, let x be a primitive character and
assume that the Riemann Hypothesis (RH,) holds for the function L(s, x). Then
all the non-trivial zeros of L(s, x) and all the zeros of A(s,x) lie on the critical line
Re s = % In addition, L(s, x) has an infinite number of trivial zeros on the negative
real axis. Under the RH,, one can prove that all the zeros of A% (s, ) lie on the
line Re s = % In contrast, it can be shown that all but possibly a finite number of
the non-real zeros of L(*)(s,x) are forced to lie in the half-plane Re s > 1 and it is
very likely the case that none of these zeros lie on the critical line.” In particular,
it is reasonable to conjecture that L(’“)(%7 X) # 0 for all primitive characters x and
all k € N. However, if x is an even, real-valued, primitive (i.e. quadratic) character,
then the functional equation for L(s, x) states that A(s,x) = A(1 — s, x). It follows
from this that A(®) (%7 X) = 0 whenever k is odd. Thus, the analogous conjecture for
A(k)(%, x) fails for infinitely many values of k and infinitely many characters x.

1.1. Notation and conventions

We say a Dirichlet character x (mod ¢) is even if x(—1) = 1. We let €, denote the
set of primitive characters (mod ¢) and let ‘5;’ denote the subset of characters in
%, which are even. We put ¢ (q) = $¢*(¢q) where

¢*(q) = Z@(@u(%) =|%;

klq

the proof of this appears in Lemma 4.1, below. It is not difficult to show that |‘€q+| =
©"(q) + O(1). In addition, we write Z:(mod o to indicate that the summation
is restricted to x € €, and we write >3} (4 o and >, to indicate that the
summation is restricted to the residues a (mod ¢) which are coprime to ¢ and to n
which are relatively prime to ¢, respectively.

aSee [6, Eq. (7)].
bWe can show that if g is sufficiently large, then the only zeros of L/(s,x) on the critical line are
the multiple zeros of L(s, x). However, it is believed that the zeros of L(s,x) are simple.
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2. The Mollified Moments of L) (%, X)

As may be expected, we prove Theorem 1.1 by computing certain mollified first and
second moments of L*) (%7 X) over the characters x € ‘5; and then we use Cauchy’s
inequality.

For x € %”j, the Dirichlet L-function L(s, x) satisfies the functional equation

s/2
q 5 —
Moo= (2)r(5) B0 =sa0 - 50, (2.1)
where X is conjugate character of x, e, = (x)g~ /2, and 7(x) is the Gauss sum
a TiT
0= ¥ (%) elo) =
q
a(mod q)
Note that |e, | = 1 and, since x is even, T(X) ( ). For each x € €7, we let
p(n logy/n
M P, 2.2
(0 = M(x.P.y) Z Ll p (i), (2:2)

where P is an arbitrary polynomial satlsfymg the conditions P(0) = 0 and P(1) =
The purpose of the function M () is to smooth out or “mollify” the large values of
L® (1, X) as we average over x € €, Since e, L™ (3, x)| = [L®) (4, x)], if we let

Silkg) = Y e L® (%x) M(x) (23)
)

and

SQ(kaQ) = Z+

X (mod q)

[M(x)|", (2.4)

then Cauchy’s inequality implies that

S1(k,
Z+ 1> |Sl((7q)). (2.5)
X (mod g) 254
L™ (4,x)#£0

Thus, we require a lower bound for |57 (k, q)} and an upper bound for Sz (k, ¢). The
following propositions provide such estimates.

Proposition 2.1. Let k € N. Then, for y =q” and 0 < 9 < 1, we have
Si(k,q) = (=1)*¢™ (q) log" q(1 + O((logq) ™)),

where the implied constant depends on ¥ and k.

Proposition 2.2. Let k be a positive integer and € > 0 be arbitrary. Then, for
y=q" and 0 <9 < 1 5, we have

Sa(k, q) = Cu(9) ©T(q)log™ (1 + O((log q) 7)),



Central Values of Derivatives of Dirichlet L-Functions 375

where

LA S 1, 9k [t

and the implied constant depends on Y, € and k.

It is clear from (2.5) and the propositions that in order to prove Theorem 1.1
we need to choose the polynomial P, for each £ > 1, which minimizes the con-
stant Cp(9). This is done in Sec. 6. It turns out that except for a term which is
exponentially small (as a function of k), the optimal choice of P is independent of
the choice of . This is not surprising, since similar phenomena have been observed
when mollifying high derivatives of the Riemann zeta-function and the Riemann
&-function on the critical line, and also when mollifying high derivatives of families
of L-functions at the central point (see [4, 6, 13, 15]).

3. Proof of Proposition 2.1

In this section we establish Proposition 2.1. The result we require is implicit in
[15, §3, p. 135] where it is shown that®

> (%x) M(x) = so+<q>FG) §'?1og" 4(1+ O((logg) ™)) (3.1)
X (mod q)

for k € Nand 0 < ¢ < 1. Here § = y/¢/7 and the implied constant depends on .
From (2.1), we see that

exL(s,X) = Hy(s)A(1 —s,x), where Hy(s) = —5<- (3.2)
r(3)
Using well-known estimates for the gamma function, it follows that
1 £—1/2
H (5) = <—1>qu 1) log* 4(1 + Ox((log ) ™)) (3.3)
4

for each k& € N. Now, combining (3.1)—(3.3) and using the Leibniz formula for
differentiation, we find that

> et (%,X)M (0

X(mod q)

-y Z( )0 (5) oAt (G me

X(mod ¢) €=0

It follows from the functional equation for A(s,x) that the quantity .Z(Py) in [15, §3] is equal to
+ k)(1
2 Zx(mod q) AR (§7X)M(X)'
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:éfx) () a0 (30w

x(mod )

k
Y (§) e (@08 a1+ 0oz )

=0
= (—1)*2%¢™ (q) log" 4(1 + O((log 9) ")),

where the implied constant depends on ¥ and k. Since 2log§ = logq + O(1), we
can conclude that

5" et (5x) M) = (1) ¢ @log* a1+ Of(loza) )
x(mod q)

This establishes Proposition 2.1.

4. Some Preliminary Results

In this section, we collect some preliminary results which we will use to establish
Proposition 2.2. In what follows, ¢ is a large positive integer and «, 3 € C are taken
to be small shifts satisfying |al, |3| < (logq)~!.

Our first lemma concerns the orthogonality of primitive characters.

Lemma 4.1. For (mn,q) =1 we have

S xmxn) = 5 Y0 (e,

x(mod q) q=dr
where the sums for the different signs + are to be taken separately.

Proof. Let

=37 xm)xm)

x(mod h)

where >°" denotes summation over primitive characters y. Then for (mn,q) = 1 we
have

_ ¢(q), if m=mn (mod q),
dorh)y= > xtmx(n) = .
0, otherwise.
hlq x(mod q)
Using Mobius inversion we obtain

*

> xmxm =@ = ehn(y)-

x(mod q) hlq
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It follows from this identity that
* q
Gl= X 1= ehn(}).
x(mod q) klq
which justifies an above remark. Our lemma now follows by noting that

IRCORTEND SRS | MO
)

x(mod q) x(mod ¢ 0O
x(=1)=1

Lemma 4.2. Let G(s) be an even, entire function with rapid decay as |s| — oo in
any fized vertical strip A < o < B and with G(0) = 1. Let

W =g [ G H O e, (1)
where
PP e e L e
() (5)
i (S):P<1/2—a+s>r<1/2 ﬂ+s)
o (1/2+a>r<1/2+ﬂ) ’
and
ats
N - OO

ez

Then for x1,x2 € ‘5; and o # — 3 we have that

L(% +O"X1) L(% +ﬂ7><2>
_ xi(m)xa(n) ¢ (@)

ml/2+anl/2+8 " @B q

m,n

0\ T | (e
T extxe o ml/2—apl/2—3 " a.p q :
m,n
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Remarks. (1) An admissible choice of G in the above lemma is G(s) = exp(s?).

(2) The purpose of the function H(s) in the above lemma is to cancel the poles
of the functions (;(1 + (o + 3) + 2s) at s = F(a + 3)/2 which appear in the
proof of the next lemma. This substantially simplifies our later calculations. A
similar effect has been observed by Conrey et al. (see [7, §3]).

Proof. Consider the integral

I 14ico A1/2+a+s,x1)A1/2+ B+ s, x2) ds
Ia,ﬁ_Q_Tl'i/l—ioo Gls)H(s) F<1/2+0>F<1/2+ﬂ) B
2 2

Shifting the line of integration to Re s = —1 and using Cauchy’s theorem, it follows
that

1o A(1/2 A(1/2

Ia,ﬂ:R0+—./ G(S)H(S) ( / +a+57X1) ( / +ﬁ+5,X2)§’

271 —1—ico F<1/2+C¥)F(1/2+5> S
2 2

where Ry is the residue of the integrand at s = 0. Evidently,

q (14-a+3)/2 1 1
Ry=1|—= Liz+axi|L{z+8,x2 -
s 2 2

By making the change of variables s to —s and using (2.1), we have that

1 [ifiee A1/2 —a+ s, X1)A(1/2 — B+ s,X2) ds
=1, — H : : —
Bo=las+ 55 /HOO Gls)H(s) 121a\ (1/2+0
T T
2 2
The lemma now follows by using (2.1) to express the A-functions in terms of Dirich-
let series and then integrating term-by-term. O
Lemma 4.3. Let
= W s(n? /) = W, 5(n?/2)
+ _ o, - _ a,
Sapl) = Z TTatp and S, 5(z) = Z iy e
n=1 n=1
(n,g)=1 (n,q)=1

Then, for any e >0 and o # —(, we have that
S;g(x) =(l+a+08)+ O(T(q)x—l/ua)
and
Sy 5(@) =g, 506 (1 — a = B) + O(r(q)a™/?F9),

where T(q) is the number of divisors of q and the function (4(s) is defined by

G =TI (1- ).

pS
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Proof. From (4.1), we observe that

1+i00 d
St y(a) = o /1 G)H ()97 5(5)2° o1+ v 34 25) =

- % — 100
We now shift the line of integration left to Re s = —1/2 + ¢, encountering only a
simple pole of the integrand at s = 0. We note that the simple pole of (;(1 + o +
0+ 2s) at s = —(a+ )/2 is canceled by a zero H(s). The residue of the integrand
at s = 0 is (4(1 + o+ (). Also, the integral along the new contour is trivially
< 7(q)x~'/?*¢. This implies the first claim of the lemma. The second claim can be
proved in a similar manner. O

Lemma 4.4. Assume o # —f3 and let

B(ms, i, ) = Z+)L<%+a,x)L<%+H,Y)x(m1)ﬂm)-

X (mod ¢

Then for (my1,n1) =1 and (min1,q) =1 we have

B(mi,n1;, ) = \8/0;% (Cq(l +ﬁa +5) <%> _a_ﬂga‘ﬁ(o)@(l_‘xio‘_‘p)

myng my oy
+ O(ﬁ(mh ’I’L]_) + (]1/2+6)»

where B(my,n1) satisfies

mi,n
Z B(my 1)<<yq1/2+5.
1M1

N

mi,n1<y

Proof. With x1 = x, x2 = X, Lemmas 4.1 and 4.2 imply that

W+ mwmn
1 @B g
Blmi,ni; e, f) = 5 >oude(r) > i/Ttani/2ih
q=dr rlmmiy£nn,

_ mmn

1 q —a—p N Wa,,@( q )

+§<;) Zd/l(d)@(r) ‘ Zi ml/2—apl/2-5’ (4.2)
q=dr r|mniTnmi

where >°* denotes summation over all (mn,q) = 1. The main contribution to
PB(ma,n1;a, 3) comes from the diagonal terms mmy = nnq and mny = nmy in the
first and second sums on the right-hand side of (4.2), respectively. For (mq,n1) = 1,
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this contribution is

ml/2+tapl/2+3 T ml/2—apl/2—-8

mmi=nni mniy=nm:

525 )
+( B\ rmying

1/2 1/2
nl/ +am1/ +p

+( Z* WJﬂ(?) +<Q)_a_ﬂ Z* W;;;(?)

— q
()
N <g> Tmin,
7 i 170

where Sjﬂ(x) are defined in Lemma 4.3. By Lemma 4.3, the above expression is
equal to

+ o —a—p o —
Qom(lzl)l <Cq(1 +5 +6) + (%) g;ﬂ(O)Cq(l ﬂ)) +O(q1/2+5).

myng
All the other terms in (4.2) contribute at most

Using the estimate |Wo‘iﬁ(x)| < (1+|z|)~! one can show that (see [10, Sec. 4])

B(mi,n1) 1/2+e 4
E — < Yq log yq)~.
mi,m1 <y i ! ( ° )

The lemma now follows from the above estimates. O

mmi#nn,

Lemma 4.5. Let

Sid)= > M(logn)jp<w>.

n<ard n logy
(n,dg)=1
Then S;(d) = M;(d) + O(E;(d)) uniformly for d <y, where
dq ,<10gy/d) dq <logy/d>
Mo(d) = P . M(d) = ——2_p ,
o) p(dq)logy logy 1e) e(dg) \ logy

M;(d) =0 (for j > 2), and

E;(d) = (logy)’*(loglog y)*(1 + (d/y)’ logy) [ | (1 + ﬁ)

pldg
with § > 1/loglogy and § = 1/loglogy.
Proof. Counsider the Dirichlet polynomial
p(n) - (logy/dn
= P .
G2 n'tz ( logy

n<y/d
(n,dg)=1
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Since, for n < y/d, we have

logy/dn as P al! 1 /2“’00 y \° ds
Pl —— | = — (1 d = i )
( ogy )~ 2 Toga BV = 2 Tiogyyam y e \an) 5T

we can express G(z) as
al! 1 /2“00 y)s ds
Glz) =3 4~ A TP L -
(2) QZI (logy)t 2mi Jo_joo \d (s Z)C(l + 2+ s)sttl
where
1 \!
p
pldq
We note that G(z) is precisely G,;(1 + z) in Lemma 10 of Conrey [4] (see the first
expression in the proof), with x being replaced by y/d and 1/F(j, s) being replaced
by A(s — 1). Using this, we obtain that
GV (2) = M;(d; ) + O(E;(d)) (43)
uniformly for 0 < |z| <« 1/logy, where

Mo(d;z):A(z)[zP<logy/d>+ ! P’(logy/d)}

logy logy logy
logy/d
Mi(d;2) = A(z)P(%) and
M;(d;z) =0 for j > 2.
Since G(z) and M;(d; z) are both holomorphic in z, (4.3) also holds for z = 0.
Observing that S;j(d) = (~1)GU)(0) and A(0) = dq/¢(dg), the lemma follows. 0O

Lemma 4.6. Suppose that f(d) =], 4 f(p) with f(p) =1+O0(p~°) for some ¢ >0
and that

. d)2 J
Tiy) = #f(@(log %) :
d<y
Then we have

B = — p (1-3) (1+22) Il (1+ %)laogw“ + 0((log ).

Proof. We consider only the case where j > 1. The case j = 0 can be handled by
following [14, proof of Lemma 3.11]. We first express J;(y) as a complex integral,
namely

Til) =55

G (@A) . ds
2-100 (4. q)=1 dtts 4 gitl’
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The sum over d is

/
g (1 + pffi) — B(s)¢(1 + 8),

where

oIl 1) (- ]+ 22)

P plg

Since f(p) = 1+0(p~°) for some ¢ > 0, B(s) is absolutely and uniformly convergent
in some half-plane containing the origin. We now shift the line of integration left
to Re s = —4§, crossing a pole of order j + 2 at s = 0. Here § > 0 is some small,
fixed constant chosen so that the arithmetical factor B(s) converges absolutely for
Re s > —4§. Using Cauchy’s theorem and the bound ((s) < (1 + [t[)*/?*9 on the
new line of integration, we obtain the estimate

T(6) = 57 BlO)(log )" + O((log ).

The lemma now follows. O

5. Proof of Proposition 2.2

In this section, we prove Proposition 2.2. Throughout the proof, we let y = ¢ and

assume that 0 < 9 < % We begin by considering the mollified “shifted” second

moment
+ 1 1 _ 9
Jopl@)= D L{5+ox)L{5+6%) MNP (5.1)
X(mod q)

where a, 8 € C are small shifts satisfying |/, |3| < (log ¢)~! and a # —3. Applying
Lemma 4.4, we have that

p(m logy/m> (10gy/n) Blm.
mzn;y ( gy ) "\ Togy ) Z0miF)
= %1 (a, B) + Sa(e, B) + Oyq'/**), (5.2)

where

Sie, 8) = ¢ (q) G(1+a+P) Z Z mlTnl“’?

d<y m,n<y/d
(m,n)=1

P logy/dm P logy/dn
logy logy
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and

—a—8
zxmﬂ%:¢wm(€) 025061 — a— )

™

dn) logy/dm logy/dn
P P .
Yy ) (sl

d<y m,n<y/d logy
(m,n)=1

We can remove the restriction (m,n) = 1 by writing K, 5(q) = Zi(a, 5) +
Yo(a, B) as

P I

2
cd<y c*d
1 d 1 d
% Z /J’(m)/'l‘(n) P 0g y/C m P 0g y/C n Zq o ﬁ(m7 n, 0)7 (53)
mn logy logy ”
m,n<y/cd
(mmn,cdq)=1
where
_GUHatp) (a7 L G—a-p)
Zaop (MmO == atiiga *\x) IO mammmaym- 04

Though the function (,(s) has a simple pole at s = 1, we note that Z, o g(m,n, c)
is holomorphic in both « and J in a small neighborhood of & = 8 = 0 (as can be
seen, for instance, by computing the Laurent series expansion of each of the terms
on the right-hand side of (5.4) about @ = § = 0). Therefore, the expressions in
(5.1) and (5.3) provide an analytic continuation of the function Ju 5(q) — Ku 3(q)
to the region |al, |3] < (logg)™!; the function Ko o(g) must be defined in terms of

the limit
(G +20) g\ ¢ - 20q)
Z T S A T S DN
2.0.0(m; 1, c) alino< (c2mmn)e * T (¢?mn)—«
Moreover, by the maximum modulus principle and (5.2), we see that
| Ja,6(q) — Ka,p(q)| <- yq1/2+5

uniformly for |al,|3| < (logq)~!. Hence, by Cauchy’s Integral Theorem,

d2k
W [Ja,B(Q) - Ka,ﬂ(Q)]

a=£=0

w w Kw w
/ / - ﬁ ey B(Q)dwadwﬁ
27?2 % (wq wg) +

1/2+42¢
b

<<k,£ yq
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where 6, (respectively, €3) denotes the positively oriented circle in the complex
plane centered at o = 0 (respectively, 3 = 0) with radius (logq)~!. Thus, we have
shown that

d2k

1/242¢
dakdgk Kaﬂ(Q) + Ok,s(yq ). (5.5)

S2(k7 C]) =

a=(=0
Writing

d2k

W Zq,aﬂg (m, n, C)

a=(£=0

= 3" (ani;(log)" +ba;(logq/c)")(log m)i (log n)’
h+i+j<2k+1

for certain constants ay; ; and by ; j, we see that

d2k
W Kap (9)

a=£=0

) Y Y (anasloge)” + buss(ogeg) MO g, ey, ca)

h+i+j<2k+1 cd<y
(5.6)

where S; and S; are defined in Lemma 4.5. It follows from Lemma 4.5 that

cdq i1
Si(cd) <5 logy)"™,
(ed) < s log)

from which it can be seen that the contribution of the terms with A +1¢+ j < 2k to
the sum on the right-hand side of (5.6) is

<, (log )* ot (9)/¢(q) <r,e ¢T(q)(logg)*F1Te.

The last estimate holds since q/¢(q) < loglogg. It remains to consider the contri-
bution of the terms with h + ¢ 4+ j = 2k + 1. In the notation of Lemma 4.5, it can
be shown that

* S;(cd cd
3 (cd)Ej(cd)

24 <ije (log y)iﬂ;%s

cd<y

and
« B;(cd cd it P
g M <<i,j,6 (1og y) +j—3+ .

c2d
cd<y
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Hence the contribution of the error terms F; and Ej, arising from Lemma 4.5, to
the terms in (5.6) with b +1i +j = 2k + 1 is <. 9T (q)(log ¢)?*~1T¢. Thus,

d2k *
K. s(0) =¢t@) > Y (aniglloge)
(s , o )
da®df3 a=p=0 h4it+j=2k+1 cd<y
pu(c)p(cd)?
2 Mi(cd)M;(cd)

+ O (9™ (q)(log g)*F~F9).

+ b, (log CQ)h)

Since M;(ed) = 0 for ¢ > 1, we need only to consider the terms with 0 < 4,5 < 1.
Moreover, the terms involving powers of logc can be ignored, as they contribute
(due to the presence of ¢~2 in the sum) an amount which is <. (loggq)?¢~1*=.
Therefore, the above expression simplifies to

d2k

darapF Ken @] _, =T+ 2h+ Tt Oke(p™(9)(logg)**~179),  (5.7)
where
T =¢" Q)c;y* bak+1,0,0(log Q)zkH%E;d)QMO(Cd)a
T = @)Y barsollog q)%%gd)ZMo(cd)Ml(cd)
cd<y
and

* c)uled)?
Ts = ¢ (q) Z bak—1,1,1(log (1)%71%Ml(cd)2.
cd<y

We first evaluate T;. Using Lemma 4.5, we have that

¢t (q) bak+1,0,09° (log g)* ! Z (C)N(Cd)zdp (10gy/0d>2
pl@)(logy)? 4= wled)? logy

= ot( )b2k+1,0,0q2(10gQ)2k+1 * M(n)QP/COgZ//”)Q.
©(q)*(logy)? p(n) logy

Ty =

n<y
Now Lemma 4.6 implies that

Z*M(“)QP/COgy/n) (q)(logy+0 / P'(z)*dz.

¢(n) logy

n<y

Hence

bakt1,0,0q(log q) 2! /1 2 -
T — + sYs Pl d R + 1 2k—14-¢ . .
1=¢"(q) () oz y ; (z)°dz + O, (¢ (g)(log q) ). (5.8)
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Similarly, it can be shown that

b 1 ok pl /
T = _¢+(q)w/o P'(z)P(z)dx + Ok,s(ga+(q)(log q)zk—1+s)

©(q)
b lo 2k _
=t ()20 UBDT (ot (g (log ) 1) (5.9)
2¢(q)
and that
boj— log )21 1o L
T3 :S0+((I) 2k 1,1,1Q( gQ) gy/ P(x)2dx+Ok’a(@+(q)(10gq)2k71+s).
©(q) 0
(5.10)
Thus, combining (5.5), (5.7)-(5.10), and noting that
©(q) ©(q) o(q)k?
b =Y =2 and bopqqq = —2
2k+1,0,0 2k + 1) 2k,0,1 2 an 2k—1,1,1 a2k —1)’

it follows that, for y = ¢¥ and 0 < ¥ < l

2 1
sk = (ugy [ Prars g+ ooy [ Pwrar) ot o
+Ok.e (¢ () (log )~ 1).

This completes the proof of Proposition 2.2.

6. Completing the Proof of Theorem 1.1: Optimizing the Mollifier
We are now in a position to complete the proof of Theorem 1.1. By Propositions 2.1
and 2.2, for 0 <9 < £, we see that

—1

P> /P’ ) dx +1+ Ok /1 (z)d (6.1)
k= 2k+1 2%k — 1 ] '

For each choice of k € N, we wish to find a polynomial P satisfying P(0) = 0
and P(1) = 1 that maximizes the expression on the right-hand side of the above
inequality. Equivalently, we wish to minimize the expression

-1 1 2 1
Fy(P) := v /OP’(x)2dx+2Ifk_l/o P(x)*dx. (6.2)

2k +1

This optimization problem is solved explicitly in [15, Sec. 7] and, independently, in
[6, p. 97]. We recall the argument given by Michel and Vanderkam in [15].

Using a standard approximation argument, the polynomial P can be replaced
by any infinitely differentiable function with a rapidly convergent Taylor series on
[0, 1]. In this case, using the calculus of variations, the optimization problem can be
explicitly solved and, for & > 0, the optimal choice of P is

sinh(At) 2k +1

(t) = m7 where A =9k %—_1
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Table 1. In the table, lower bounds for the propor-
tions P, and Py, defined in Egs. (1.1) and (1.2),
respectively. These calculations were performed by
using the expression for Fy(P) given in (6.3) with
¥=13—-1x10"8

k Lower bound for Py Lower bound for P
1 2 x0.8216... 0.7544 . ..
2 2% 0.9369. .. 0.9083 ...
3 2 x0.9758 ... 0.9642. ..
4 2 %0.9901 ... 0.9853 ...
5 2 % 0.9956 ... 0.9935...
10 2 %0.9995 ... 0.9993. ..
15 2 % 0.9997 ... 0.9997 . ..
20 2 % 0.9998.... 0.9998 . ..
25 2 %0.9999. .. 0.9999.. ..

With this choice of P, it follows that

A coth A kcoth A
. (P) = Ik 1) BNk (6.3)

As k gets large, the function coth A — 1 and so asymptotically (as k — co) we have

1 1 1
Fu(P)=-+-—+0(—].
WP =t ot <k4)
When combined with (6.1) and (6.2), this asymptotic formula is enough to establish
the estimate for P; in (1.3) and, thus, completes the proof of Theorem 1.1.
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