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ABSTRACT. Sarkozy’s theorem says that if A C Z has positive upper asymptotic density,
then there are distinct a1,a2 € A and n € Z such that a1 — az = n?. The same is
true if n? is replaced by F(n) for any polynomial F € Z[x] with constant term zero.
Green proved an I, [t]-analog of Sarkozy’s theorem with strong quantitative bounds, but
required a technical condition on the number of roots of the polynomial F' € Fqz].
This condition was recently removed by Li and Sauermann. In this paper, we generalize
Green’s argument to accommodate equations in more variables in Fg[t], while pointing

out that the technical condition can be removed by means of a simple observation.

1. INTRODUCTION

The upper asymptotic density of a set A C Z is given by

- AnA{l,...,N
d(A):limsup| AREIETES }|
N—oo N

Séarkézy [13] proved that if d(A) > 0, then there are distinct aj,a2 € A and n € Z such
that a; —as = n2. The same conclusion holds when n? is replaced by F(n), where F € Z[x]
is a polynomial with constant term zero. More generally, the conclusion holds if and only
if ' is an intersective polynomial, that is, for any d € Z*, there exists n € Z such that
d|F(n). This condition is easily seen to be necessary, by taking A = dZ. We refer the
reader to the survey [5] for a discussion on sets enjoying the same property as {n?}.

The finitary version of (the generalization of) Sarkozy’s theorem is as follows:

Theorem 1 (Generalized Sarkézy). Let F' € Z[z] be intersective. For N € N, let ap(N)
be the mazimum size of a subset A C {1,...,N} that do not contain distinct elements
ai,ay such that a; —as = F(n) for some n € Z. Then ap(N) =o0(N) as N — oo.

To date, the best bound is ap(N) < C(logl\f)“%
where C depends on F' and ¢ depends on deg F'. Tt is due to Arala [1], building on previous
works of Bloom-Maynard [2| and Rice [9].

Let [, be a finite field with ¢ elements, where ¢ is a power of a prime p. Let F[t] be

for some constants C,c¢ > 0,

the ring of polynomials with coefficients in Fy in an indeterminate ¢. Also, let G,, C Fy[t]
be the set of all polynomials in Fy[t] with degree less than n. In [6], Liu and the second
author of the present paper studied the analogue of Sarkézy’s theorem in I [t] and proved
the following, using the circle method.

Theorem 2 (Lé-Liu). Let A C G, with |A] > ¢"(logn)"/n. Then, there are distinct

polynomials a1 (t), ax(t) € A such that a1(t) — ag(t) = (b(t))? for some b(t) € F,[t].
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Using the polynomial method developed by Croot-Lev-Pach [12], Green [4]| gave a much
stronger bound than Theorem 2.

Theorem 3 (Green). Let F(z) = ajx+agz?+---+ay 2t € Fy[z] be a polynomial of degree
¢ with constant term zero such that the number of roots of F in F4[t] is coprime to q. Then
there is a constant ¢ = ¢(q,f) € (0,1) such that if A C Gy, has cardinality greater than
2q°", then there are distinct polynomials a1(t),az(t) € A such that ai(t) — ax(t) = F(b(t))
for some b(t) € Fyt].

In particular, Theorem 3 applies when F(x) = z‘, but does not apply when F(z) =
z7Pt(z —1)---(x — p + 1). The condition on the number of roots of F is not quite
satisfactory, and is conceivably an artifact of the proof. This condition is not needed
qualitatively (see |7, Section 6]). Recently, Li and Sauermann [8] showed that the root
condition on F' can indeed be removed.

Theorem 4 (Li-Sauermann). Theorem 3 remains valid without the condition on the num-
ber of roots of F, at the cost of adjusting 2¢°™ to c'q", for some constant ¢ = /(q,¢) > 0.

Li and Sauermann proved Theorem 4 by generalizing a key lemma of Green (Lemma
10 below). Alternatively, Theorem 4 follows from the following observation. Green only
considered F' € Fy[z], but an inspection shows that the same proof works for F' € F[t][x],
at the cost of adjusting 2¢°" to ¢/¢“". (Note that when F' € F,[z], any root in Fy[t] of F
must necessarily be in F,.) Now, suppose

F(z) = ai(t)x + ag(t)x® 4 - - - + ap(t)z’ € F[t][z]

is an arbitrary polynomial with constant term zero (and no assumption on the number of
roots). Then
F(t"z) = oy ()™ x + ao ()2 + - + ()t 2t

If m > max;<;<¢deg, o;(t), then the degrees of ¢ in the non-zero terms o (¢)t"™x! are all
distinct. Therefore, the only root in F,[t] of F'(t™z) is = 0. Applying Theorem 3 with
F(t™z) in place of F, we see that any set A C G,, with cardinality greater than ¢'¢°",
must contain distinct elements aj(t), az(t) such that ay(t) — az(t) = F(t™b(t)) for some
b(t) € F4[t]. Hence, Theorem 4 follows.

For example, if F(z) = 2Pt (z — 1) (x — p+ 1), then F(tz) = t"PHgtrtl(tr —
1)---(tz —p+1) has only one root = 0 in F,[t].

In this paper, we generalize Theorems 3 and 4 to equations in more variables.

Theorem 5. Let v, k,d and { be integers satisfying k > 2r2(1—1/¢%). Suppose c1,...,cp €
F,[t] have degree at most d and satisfy Zle ¢i = 0. Let F(z) € Fy[t][z] be a polynomial
of degree { with constant term zero. Then there exist constants ¢ = c¢(q,r,k,0) € (0,1) and
d=d(q,rk,d, F) >0 such that the following holds: Any A C G,, satisfying |A| > ¢ - ¢
must contain a nontrivial solution to

(1) cral + -+ cgay, = F(b)

Jor some b € Fyt].



By a trivial solution we mean (ai,...,ax) = (a,...,a) for some a € A and b = 0.
Theorems 3 and 4 are a special case of Theorem 5 when r =1 and k£ = 2.
Theorem 5 was inspired by the following result [3| of the first author of the present

paper.

Theorem 6 (Bienvenu). Let, v,k and d be integers satisfying k > 2r® + 1. Suppose
Cly...,cp € Fy[t] have degree at most d and Zle c¢; = 0. Then there exist constants
c(r,q) € (0,1) and ¢ = d(q,r,k,d) > 0 such that the following holds: Any A C G,, with
|A| > ¢ - ¢°™ must contain a non-trivial solution to

(2) cay + -+ cgay, = 0.

Again, by a trivial solution we mean (aq,...,ax) = (a,...,a) for some a € A.

Note that Theorem 6 provides a stronger conclusion than Theorem 5, but the number
of variables required in Theorem 6 is greater than the number of variables required in
Theorem 5. Therefore, Theorems 5 and 6 do not subsume each other.

The organization of the paper is as follows. In Section 2, we deduce Theorem 5 from a
general statement (Proposition 7). In Section 3, we prove Proposition 7 using the Croot-
Lev-Pach polynomial method.

2. PROOF OF THEOREM 5

Theorem 5 is a consequence of the following proposition, which is a hybrid of |3, Propo-
sition 2| and [4, Theorem 1.3].

Proposition 7. Let m,n,n’,d" and d” be integers with 0 < m < n'. Let ¥ : (Iﬁ‘g)k — IF;"
be a polynomial map with degree at most d'' and ® : Fg" — F;‘, be a polynomial map with
degree at most d”. Let A C Fy. Assume that

(1) For any (ay,...,ax) € AF, U(ay,...,ax) = 0 if and only if ay = --- = a, = a for

some a € A,

(2) |®~1(0)| is coprime to q, and

(3) U(A¥) N Im(®) = {0}.
Then,

1 .. q—1n
(3) Al <k. inf QFZHFa")
o T (B
Proof of Theorem 5 assuming Proposition 7. By the observation made in the introduction,
we can assume that F'(z) has only one root = 0 in Fy[t].
We identify G, with IFy, by identifying each polynomial g = go+g1t+- - Fgnt" e d,

with the vector (go,g1,---,9n-1) € Fy. Then ¢g" € G(,_1),41 corresponds to the vector
(gg,rggflgl, e gn_q) € Fz(nfl)ﬂ. Note that each component of ¢" is a polynomial of
degree at most 7 in gg, g1, .- -, gn—1-

I That is, ¥(x1,x2,...,Znk) = (Y1(z1,T2,.. ., Tnk),. .., Yn (T1,Z2,...,Znk)), where each 1; is a poly-

nomial of degree at most d’.
3



Under this identification, the map (aq,...,ax) — Zle ¢;a] induces a polynomial map
U (Fk - FY
(al, R ,ak) — (wl(al, C ,ak), . ,¢n/(a1, R ,ak))
where n/ := (n — 1)r +d + 1 and ;(a1,...,a;) is the coefficient of #**! in Zle ciay.
Moreover, the degree of each 1); is at most d’ := 7.
Suppose
F(z) = a1(t)z + ag(t)z? + -+ ap(t)z® € F[t][z].
Let u = max{deg,a; : i =1,...,¢} and m = L”/Z“J +1. If h = ho+hit+-+hy, ™t e
G, then

F(ho + hit + -+ hy_gt™ 1)
= folho, - hm—1) + filho, ... hm—1)t+ -+ f_1(ho, ..o hop )t 7 € Gy

where f; € Fylz1,...,zy] are polynomials with degrees at most ¢ and f;(0) = 0, for
0<i<n —1.

Consider the polynomial map

O:F - FY
(hoy -y hm—1) = (fo(hos - s hm—1),- -+, far—1(hos - - - s hm—1)).

Then ® has degree at most d” := [. Suppose now A C G, is a subset that does not
contain a nontrivial solution to ciaf + -- - + craj, = F(b). We apply Proposition 7 to ¥, ®
and the set A. The first and third condition are satisfied by the assumption on A. The

second condition is satisfied by the assumption on the number of roots in F,[t] of F.
Substituting n’ = (n — )r+d+1,d =r,d" = ¢ and m = L"IZ“J + 1, (3) implies that

1 g—1yn

A<k jnf Foho b2

0<a<1 &t (1= )nr2+0y pa,r (1)
Writing E := (¢ — 1)72(1 — 1/£?)k~!, then we have E < (¢ — 1)/2 since k > 2r%(1 — 1/¢2).
Let f(z)=(1+ax+ -+ 29 )z Then f/(1) = Zg:_&(i — FE) >0, so fis increasing
on some interval (1 —¢,1). Therefore, info<,<1 f(z) < f(1) = ¢. Let = € (0,1) be such

that f(z) < ¢, then
Al < k- aQrrtar W (f(a))" < g

for some constants ¢ = ¢(q,r, k,¢) € (0,1) and (q,r, k,d, F') > 0, as desired. O

3. PROOF OF PROPOSITION 7

The remainder of the paper is devoted to the proof of Proposition 7. First we recall
some preliminaries. The first one is the notion of slice rank introduced by Tao [10] (see
also |11, Definition 6.5.2|).

Definition 8 (Slice rank of a function). Let A be a finite set and F be a field. A function
f: A¥ — T is said to have slice rank 1 if it can be written as

f(l'l,;CQ, e ,xk) = g(xj)h(xl, e ,xj_l,xj+1, ceey xk),
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for some j € {1,...,k} and some nonzero functions g : A — F and h: A*~1 - F.
The slice rank of a function F : A¥ — F is the minimum integer 7 such that F' can be

written as a sum of r slice rank 1 functions.

Tao [10, Lemma 1| (see also [11, Lemma 6.5.5]) also proved the following fact regarding
the slice rank of a diagonal function.

Lemma 9 (Tao). Let A be a finite set. Suppose a function f : A¥ — F satisfies
flay,...,ax) # 0 if and only if a1 = ag = --- = ai. Then f has slice rank |A|.

Our next tool is the following key lemma by Green [4, Lemma 3.1], which says that the
image of a polynomial map can be realized as the support of a low degree polynomial.

Lemma 10 (Green). Let ® : F)" — Fy be a polynomial map with degree at most d and
|®1(0)| is coprime to q. Then there exists a polynomial P € Fylw1,xa,...,x,] whose
degree in every single variable is at most (¢ — 1) such that

(1) deg(P) < (¢ —1) (n— ),

(2) P is supported on Im(®) (i.e., P(x) =0 if z ¢ Im(P)), and

(3) P(0) #0.

We are now ready to prove Proposition 7.

Proof of Proposition 7. Applying Lemma 10 to the polynomial map ® : Fy* — IE‘Z/, we find
that there exists a polynomial P € Fy[xy, z2,. .., z,] whose degree in every single variable
is at most (¢ — 1) such that

(1) deg(P) < (q—1) (' — ),

(2) P is supported on Im(®), and

(3) P(0) #0.
We now consider the function f(a1,...,ax) := P(¥(a1,...,a;)) from A* to F,.
Claim: f(ay,...,a) # 0 if and only if a3 = --- = a, = a for some a € A.
Indeed, for any a € A, f(a,...,a) = P(¥(a,...,a)) = P(0) # 0. Conversely, suppose
the a;’s are not all equal. By the assumption on ¥, we have ¥(aj,...,ar) # 0. Since

U(AF) and Im(®) only intersect at 0, we have that ¥(ay,...,a;) ¢ Im(®). Therefore,
P(¥(ay,...,a)) =0 since P is supported on Im(®), and the claim is proved.

By Lemma 9, the slice rank of f is |A|. We will now estimate the slice rank of f
in a different way. Note that f is a polynomial of degree at most degP - deg¥ < (q —
1) (n’ — %) d :=D. Foreachi=1,...,k, let a; = (a;1,...,ain). Then f(a1,...,a;) can

be written as a sum of monomials of the form

Qi o1,2 a1n Q21 azn Qg1 Qk,n
Ay1 Ay " @y Aoy " Typ " Tpq " Tpy,

where o; ; < ¢ —1 and Zle > i1 i < D.
By the pigeonhole principle, there exists i € {1,...,k} such that Z?Zl a;; < D/k.
Hence, the slice rank of f is at most kN, where N is the number of tuples (a1, ag, ..., an)

such that oj < ¢g—1forall j € {1,...,n} and Z?Zl a; < D/k. It remains to estimate N.
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We have

|

n!

N Z 1! 1’
uplug!. . ug_q!

UQ,UL -, Ug—120
uotul+--tug—1=n
u1+2uz+-4(g—1ug—1<D/k

Note that N equals the sum of all the coefficients of 2V with v < D/k in the expansion
of (14+z+ -4 271" Let z € (0,1) be arbitrary. When v < D/k, we have z¥ > zP/k,

SO

N.xD/kS(l_i_x_i_..._‘_wq_l)n'

Therefore, the slice rank of f is

|A| < kN < k- inf A+t +ar)"
SEN <k it g

Y

as desired. O
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