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ABSTRACT. We prove that for any finite partition Z = Uj_; A;, there exists ¢ € {1,...,7}
such that for all s1,s2 € ZT, the set s1A4; — s14; + s2A; contains a Bohr set. This is a

generalization of a result of Anh Le and the first author.

1. INTRODUCTION

Let G be an abelian topological group. For a finite set A of characters (i.e. continuous
homomorphisms from G to St :={z € C:|z| = 1}) and 7 > 0, the set

B(A;n) :={x € G:|y(x) — 1] <nforall y € A}

is called a Bohr set or a Bohr neighborhood of 0. We refer to n as the radius and |A| as
the rank (or dimension) of the Bohr set.
If A, B C G, the sumset and difference set of A and B are A+B := {atb:a € A,b € B}.
If c € Z, we define cA := {ca : a € A}.
If A C Z, the upper Banach density of A is
d*(A) := lim sup DM+ 1, M +N]|.
N—oo prez, N

The existence of Bohr sets in sumsets is a central topic in additive combiatorics. A
classical theorem of Bogolyubov [1] says that if A C Z and d*(A) >0, then A+ A—A—-A
contains a Bohr set whose rank and dimension depend only on d*(A). Bergelson-Ruzsa |2]
proved that if A C Z and d*(A) > 0, then for any s1, 2,3 € Z\ {0} with s1 + s9+s3 =0,
s1A + s2A + s3A contains a Bohr set whose rank and dimension depend only on d*(A).

Recently these results were generalized in compact groups [6] and discrete groups [4].
Furthermore, besides density results, the authors of [6] and [4] also obtained analogous
results for partitions. In particular, the authors of [6] proved the following.

Theorem 1 ([6, Theorem 1.4]). Let Z = J;_, A; be a partition.

(a) For any s1,s2 € Z\{0}, there exists i € {1,2,...,r} such that the set s1.A;—s1 Ai+524;
contains a Bohr set whose rank and radius depend only on r and s1, sa.

(b) There exists i € {1,2,...,r} such that for any s € Z \ {0}, the set A; — A; + s4;

contains a Bohr set.

Theorem 1(b) is a step towards a well-known open problem of Katznelson [5] and Ruzsa
[7, Chapter 5|, which asks if there must be an ¢ such that the set A; — A; contains a Bohr
set. See [3] for a comprehensive discussion of this problem.

In this note, we prove the following “upgrade” of part (b) of Theorem 1: we show that

part (b) can be extended to include all sumsets s1 A; — s1A; + s2A; considered in part (a).
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Theorem 2. Let Z = |J;_, Ai be an arbitrary partition. Then there exists i € {1,...,r}
such that for all s1,s9 € ZT, the set s1.A; — s1A; + s9A; contains a Bohr set.

Note that, similarly to part (b) of Theorem 1, we do not obtain quantitative bounds on
the rank and radius of the Bohr set in s14; — s14; + s24;.

2. PROOF OF THEOREM 2

By symmetry of Bohr sets, we may assume that s1,s$2 > 0. For a set A C Z, we write
AWN) .= AN [=N, N]. Our proof uses the same methods as [6] and relies on the following
lemma, whose proof is implicit [6, p.30].

Lemma 3. Let A C Z, and let sq, sy € Z+. Suppose there exists ¢ > 0 and an infinite set
N C Z* such that

D Lam(s19)Lam (@) g (@ + s2y) > eN?
||, ly|<N

for every N € N'. Then s1A — s1A + s9 A contains a Bohr set.
We also need the following counting result from [6].

Proposition 4 (|6, Proposition 5.1]). For any k,¢,7 > 0, there is a constant c¢(k,{,7) >0
such that the following holds: For any partition Z = \J;_, A; and sufficiently large N, there
exists 1 < i < 1r such that

k
> Lo () []1 00 (@ +jy) > ek, £,r)N?.
||, |yl <N j=0
Using Proposition 4, we will now deduce the following, which is a generalization of |6,
Proposition 5.2].

Proposition 5. Let P denote an arbitrary partition Z = \J;_; A;.  Then there exists
some 1 < i < r with the following property: For every si,so € ZT, there is a constant
c(s1,52,P) > 0 such that

(1) > 1w (s19)1 400 (@)1 o) (@ + s2) > (51, 52, P)N?
|z],ly|<N '

for infinitely many N € Z*.

Proof. Enumerate the set {(s1,52) : 81,82 € Z1} as {(sgi), sg)) >°,. For any £, let

k k
_ (4) () _ @) (4) _ (@)
S = 1_1131 , T, = s9 11 5y and T, = lrgzaéika .
=

j: 9
i#i
Applying Proposition 4 with Sy in place of £ and T} in place of k, we see that for every
sufficiently large N, there exists ¢ € {1,...,7} such that

Tk
(2) > Lyow (Skv) 1T Lyoo (u+ jv) > c(k,r)N?.
Jul,Jo| <N §=0
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Here the constant c¢(k,r) > 0 is independent of N.

For each k, there exists ¢ = f(k) such that for infinitely many N, (2) holds. Hence,
there is 79 € {1,...,7} and an infinite set K such that for all £ € K, we have f(k) = io.
In other words, for all £ € K and for infinitely many N (depending on k), we have

Ty,
(3) Z 1A(N)(Skv) H 1A<N)(U + jv) > C(k,T‘)N2-
lul Jol] <N ° j=0

Now let s1,82 € ZT be arbitrary and suppose (s1,s2) = (s(le),sgg)). Pick k € K such
that £ > ¢. Then for infinitely many NV,

4
Z 1A§N)(Skv)1Az((])V) (“)114%“ (u —%—T’E )U)

0

|ul,Jv|<N
T,
(4) > Z 1A(N)(Sk’u) H Iy (u+ jv) > c(k,r)NQ.
jul.Jo| <N =0

Upon writing x = u,y = <H§:17 ng)> v and N/ = (H;?:l,sgj)) N, we have that for
it it

infinitely many N’ € Z*,

-2
k .
(5) S L s @)1 o (@ +s0y) 2 e(kr) | [T s9 | N7
|zl lyl<N7 O 0 0 j=1,
L
as desired. ]

Theorem 2 follows immediately from Lemma 3 and Proposition 5.

Finally, we remark that the proof of Theorem 2 can be easily generalized to number
fields and function fields in place of Z. We refer the reader to Sections 5.1 and 5.2 of [6]
for the necessary modifications.
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